Abstract. Let (Y, g) be a compact Riemannian manifold of positive scalar curvature (psc). It is wellknown, due to Schoen-Yau, that any closed stable minimal hypersurface of Y also admits a psc-metric. We establish an analogous result for stable minimal hypersurfaces with free boundary. Furthermore, we combine this result with tools from geometric measure theory and conformal geometry to study psc-bordism. For instance, assume (Y0, g0) and (Y1, g1) are closed psc-manifolds equipped with stable minimal hypersurfaces X0 ⊂ Y0 and X1 ⊂ Y1 . Under natural topological conditions, we show that a psc-bordism (Z,ḡ) : (Y0, g0) (Y1, g1) gives rise to a psc-bordism between X0 and X1 equipped with the psc-metrics given by the Schoen-Yau construction.
1. Introduction 1.1. Schoen-Yau minimal hypersurface technique. For a Riemannian metric g , we denote by R g the scalar curvature function, and by H g the mean curvature of the boundary (if it is not empty).
The Schoen-Yau minimal hypersurface technique [23] and dim Y = n ≥ 3. Let X ⊂ Y be a smoothly embedded stable minimal hypersurface with trivial normal bundle. Then X admits a metrich with Rh > 0. Furthermore, the metrich could be chosen to be conformal to the restriction g| X .
We note that Theorem 1 is proven by analyzing the conformal Laplacian of the hypersurface X . It it crucial that X is stable minimal. For arbitrary (Y, g) it is a non-trivial (and possibly obstructed) problem to find a stable minimal hypersurface. However, in low dimensions, geometric measure theory can provide a source of stable minimal hypersurfaces. (ii) X minimizes volume among all hypersurfaces which represent α up to multiplicity. In particular, the hypersurface X is stable minimal.
There are several important results based on Theorems 1 and 2. In particular, this gives a geometric proof that the torus T n does not admit a metric of positive scalar curvature for n ≤ 7, see [23] . This method was also crucial to provide first counterexample to the Gromov-Lawson-Rosenberg conjecture, see [19] . In this paper we extend these ideas and techniques to the case of manifolds with boundary.
1.2. Stable minimal hypersufaces with free boundary. Let (M,ḡ) be a manifold with nonempty boundary ∂M and W ⊂ M be an embedded hypersurface. We say that a hypersurface W is properly embedded if, in addition, ∂W = ∂M ∩ W . We say that such a hypersurface W ⊂ M is stable minimal with free boundary if W is a local minimum of the volume functional among properly embedded hypersurfaces, see Section 2. We establish the following analogue of Theorem 1 for manifolds with boundary in Section 2.3.
Theorem 3. Let (M,ḡ) be a compact Riemannian manifold with non-empty boundary ∂M , Rḡ > 0 and Hḡ ≡ 0 along ∂M , and dim M = n + 1 ≥ 3. Let W ⊂ M be an embedded stable minimal hypersurface with free boundary and trivial normal bundle. Then W admits a metrich with Rh > 0 and Hh ≡ 0. Furthermore, the metrich could be chosen to be conformal to the restrictionḡ| W .
The proof of Theorem 3 is similar to the case of closed manifolds. In particular, we have to analyze the conformal Laplacian on W with minimal boundary conditions. This boundary condition works well with the free boundary stability inequality.
For a compact oriented (n + 1)-dimensional manifold M , we consider the relative integral homology group H n (M, ∂M ; Z). Letᾱ ∈ H n (M, ∂M ; Z) be a non-trivial class which we may assume to be represented by a properly embedded hypersurface W ⊂ M . We notice that the boundary ∂W (which may possibly be empty) represents the class ∂(ᾱ) ∈ H n−1 (∂M ; Z), where ∂ is the connecting homomorphism in the exact sequence (ii) W minimizes volume among all hypersurfaces which representᾱ up to multiplicity. In particular, W is stable minimal with free boundary.
1.3.
Positive scalar curvature bordism and minimal hypersurfaces. The main result of this paper is an application of Theorems 3 and 4 to provide new obstructions for psc-metrics to be psc-bordant. •ḡ is psc-metric which restricts to g i + dt 2 near the boundary Y i ⊂ ∂Z for i = 0, 1.
We write (Z,ḡ) :
for a psc-bordism as above.
Remark. Sometimes we consider bordisms (Z,ḡ) : (Y 0 , g 0 ) (Y 1 , g 1 ) as above where the metrics do not necessarily have positive scalar curvature. However we always assume that the metricḡ restricts to a product metric near the boundary.
Now we would like to enrich the psc-bordism relation with an extra structure, namely with a choice of homology classes α i ∈ H n−1 (Y i ; Z), i = 0, 1. Recall the following elementary observation.
Let α ∈ H n−1 (Y ; Z), where Y is an oriented closed n-dimensional manifold. Then the cohomology class Dα ∈ H 1 (Y ; Z) Poincare-dual to α can be represented by a smooth map γ :
Furthermore, we can assume that a given point s 0 ∈ S 1 is a regular value for γ . It is easy to see that the inverse image X γ := γ −1 (s 0 ) ⊂ Y is an embedded hypersurface which represents the homology class α.
If M is an oriented (n + 1)-dimensional manifold with a mapγ : M → S 1 , let γ : ∂M → S 1 be the restrictionγ| ∂M . There is a simple relation between the classes [γ] ∈ H 1 (M ; Z) and [γ] ∈ H 1 (∂M ; Z): Lemma 1. Letᾱ ∈ H n (M, ∂M ; Z) and α ∈ H n−1 (∂M ; Z) be Poincare dual to the classes 
If the metrics g 0 , g 1 andḡ are psc-metrics, we say that the triples (Y 0 , g 0 , γ 0 ) and (
are psc-bordant. In both cases we use the notation (Z,ḡ,γ) :
Theorem 5. Let (Y 0 , g 0 ) and (Y 1 , g 1 ) be closed oriented connected n-dimensional manifolds with psc-metrics, 3 ≤ n ≤ 6, and maps γ 0 : Y 0 → S 1 and γ 1 :
Then there exists a psc-bordism (Z,ḡ,γ) : (Y 0 , g 0 , γ 0 ) (Y 1 , g 1 , γ 1 ) and a properly embedded
(ii) the hypersurface
(iii) there exists a metrich on W such that Rh > 0 and Hh ≡ 0 along ∂W , and R h i > 0, where
(iv) the metrich on W could be chosen to be conformal to the restrictionḡ| W .
Remark. The psc-bordism (Z,ḡ,γ) and hypersurface W may be chosen so that ∂W is arbitrarily C k -close to a desired homologically volume minimizing representative of α 0 − α 1 for any k and
The first step in the proof of Theorem 5 is to apply Theorem 4 toᾱ and obtain a minimal representative W . The main difficulty is that ∂W is, in general, not a minimal representative of ∂ᾱ and so we may not apply Theorem 1 to conclude that ∂W even admits a psc-metric. However, in the Main Lemma, we observe that ∂W becomes closer to minimizing ∂ᾱ as longer collars are attached to the psc-bordism Z . 
The vector field X = d dt F t | t=0 is called the variational vector field associated to {F t } t∈(− , ) . For normal variations, the associated variational vector field takes the form φ · ν W for some function φ ∈ C ∞ (W ). Clearly, a variation {F t } t∈(− , ) gives a smooth function t → Vol(F t (W )). More notation: we denote by dσ and dµ the volume forms of (W,h) and (∂W, h), where h =h| ∂W is the induced metric. We denote the outward-pointing unit length normal to ∂M by ν ∂ .
Below, Lemmas 2 and 3 contain well-known formulas, see [12] . Lemma 2. Let (M,ḡ) be an oriented Riemannian manifold and let W ⊂ M be a properly embedded hypersurface. If {F t } t∈(− , ) is a variation of W with variational vector field X , then
In particular, a hypersurface W is minimal with free boundary if and only if H W g ≡ 0 and W meets the boundary ∂M orthogonally.
Definition 5. A properly embedded minimal hypersurface with free boundary W is stable if
If a hypersurface W is minimal with free boundary, then any variational vector field must be parallel to ν W on ∂W since the variation must go through proper embeddings. Hence, it enough to consider only normal variations to analyze the second variation of the volume functional.
Lemma 3. Let (M,ḡ) be an oriented Riemannian manifold and let W ⊂ M be a properly embedded minimal hypersurface with free boundary. Let {F t } t∈(− , ) be a normal variation with variational
where Ricḡ denotes the Ricci tensor of (M,ḡ).
It will be useful to rewrite equation (2.2). The Gauss-Codazzi equations for any minimal
are the scalar curvatures of (M,ḡ) and (W,h), respectively. It follows that the inequality
2.2. Conformal Laplacian with minimal boundary conditions. The proof of Theorem 3 will rely on some basic facts about the conformal Laplacian on manifolds with boundary. Let (W,h) be an n-dimensional manifold with non-empty boundary (∂W, h) where h =h| ∂W . We consider the following pair of operators acting on C ∞ (W ):
where ν is the outward pointing normal vector to ∂W and c n = n−2 
We consider a relevant Rayleigh quotient and take the infimum:
According to standard elliptic PDE theory, we obtain an elliptic boundary problem, denoted by (Lh, Bh), and the infimum λ 1 = λ 1 (Lh, Bh) is the principal eigenvalue of the minimal boundary problem (Lh, Bh). The corresponding Euler-Lagrange equations are the following:
This problem was first studied by Escobar [7] in the context of the Yamabe problem on manifolds with boundary.
Let φ be a solution of (2.6). It is well-known that the eigenfunction φ is smooth and can be chosen to be positive. A straight-forward computation shows that the conformal metrich = φ
has the following scalar and mean curvatures:
In particular, the sign of the eigenvalue λ 1 is a conformal invariant, see [7, 10] . 
for all functions φ ∈ H 1 (W ) with strict inequality if φ ≡ 0. By simple manipulation, the inequality (2.8) may be written as
Clearly, the the right hand side of (2.9) is non-negative since 1−2c n = n 2(n−1) > 0. Furthermore, the left hand side of (2.9) coincides with the numerator of the Rayleigh quotient in equation (2.5).
We conclude that the principal eigenvalue λ 1 = λ 1 (Lh, Bh) is positive. Let φ be an eigenfunction corresponding to λ 1 . Then, according to (2.7), the metrich = φ 4 n−2h has positive scalar curvature and zero mean curvature on the boundary. This completes the proof of Theorem 3.
3. Cheeger-Gromov convergence of minimizing hypersurfaces 3.1. Convergence of hypersurfaces. Here we introduce the notion of smooth convergence of hypersurfaces we require for the proof of Theorem 5. First, we consider the case when the hypersurfaces are embedded in the same ambient (n + 1)-dimensional manifold M . Below we use coordinate charts 
be a sequence of smooth, properly embedded hypersurfaces. Then the sequence {Σ i } ∞ i=1 converges to a smooth embedded hypersurface Σ ∞ C k -locally as graphs if there exist
(ii) a hyperplane P j ⊂ R n+1 equipped with a normal unit vector η j for j = 1, . . . , N ; (iii) smooth functions u i,j : P j ∩ U j → R for j = 1, . . . , N and i = 1, 2, . . . and i = ∞, which satisfy the following conditions:
We say the sequence {Σ i } ∞ i=1 converges to a smooth embedded hypersurface Σ ∞ smoothly locally as graphs if it converges C k -locally as graphs for all k = 1, 2, . . ..
Next, we consider a sequence
is a properly embedded smooth hypersurface, and S i ⊂ M i a compact subset, playing a role of a base-point or a finite collection of base points.
Definition 7. Let k ≥ 1 be an integer, and {(M i , Σ i ,ḡ i , S i )} be a sequence as above, where dim M i = n + 1. We say that the sequence
and maps Ψ i : U i → M i which are diffeomorphisms onto their images for each i = 1, 2, . . ., such that
Notice that the conditions (1) and (2) imply that the sequence
We say that a sequence
. In this case we write
3.2. Main convergence result. We are now ready to set the stage for the main result of this section.
Let (Y, g) be a closed n-dimensional Riemannian manifold with a homology class α ∈ H n−1 (Y ; Z).
As we discussed in Section 1.3, the class α gives the Poincarè dual class
represented by some map γ : Y → S 1 . Furthermore, we assume that there is a bordism
for some triple (Y , g , γ ). In the above,γ :
whereḡ L restricts toḡ on M and to the product-metric g +dt 2 on Y ×[−L, 0]. We obtain a bordism
Below we will take L be an integer i = 1, 2, . . .,
the i-collaring of (M,ḡ,γ) as in 
Remark. In Main Lemma, we allow the manifold Y to be empty. 
Our choice of U i and Ψ i satisfy the conditions (1) and (2) from Definition 7 for obvious reasons.
It will be useful to equip M with a smooth function F :
and Y = F −1 (−1) and extend this function to M i by
For any positive integer i and non-negative numbers 0 ≤ R < R ≤ i, we write
Let α ∈ H n−1 (Y ; Z) be the class from the statement of Main Lemma. For L > 0 let
be the class given by the product of α and the fundamental class
We will break up the proof of Main Lemma into three claims.
Claim 3. For each R > 0, there is a sequence {a R i } ∞ i=1 such that, for each j = 1, 2, . . ., the hypersurfaces {Ψ
Now we show how Main Lemma follows from Claims (1), (2), and (3). Indeed, by Claim 3, for
converges smoothly locally as graphs to some hypersurface
We notice that the hypersurface
Since the convergence is smooth, we have
where the last equality follows from Claim 2. However, according to Claim 1, the only volume
has the property that, for each k > 0, Φ 
The coarea formula [15, Theorem 5.3 .9] applied to P yields
where H n−1 denotes the (n − 1)-dimensional Hausdorff measure associated to the metric h + dt 2 on
. Notice that P is weakly contractive in the sense that
for all x, y ∈ Σ. Thus we have the pointwise bound |∇P | ≤ 1. Furthermore, since P −1 (t) represents
with equality if and only if P −1 (t) = X . Combining this observation with (3.3), we conclude
with equality if and only if Σ = X × [−L, 0]. This completes the proof of Claim 1.
3.5. Proof of Claim 2. Before we begin, we will construct particular (in general, non-minimizing)
Let X ⊂ Y and W 0 ⊂ M 0 as in Main Lemma. Since the manifolds ∂W 0 ∩ Y and X both represent the same homology class, they are bordant via a smooth, properly embedded hypersurface
where
In other words, we obtain the inequality
Now we are ready to prove Claim 2. Assume it fails. Then there exist 0 , R 0 > 0 and an increasing sequence {a i } ∞ i=1 such that the inequality
holds for all i. Combining the inequality (3.4) with the assumption (3.5), we have
Now we will inspect the first term in the right hand side of (3.6):
Here we use Claim 1 in the first inequality and the assumption (3.5) in the second.
Combining (3.6) with (3.7), we obtain
We iterate the argument to find
for every i = 1, 2, . . .. Since the left hand side of (3.8) is independent of i, we arrive at a contradiction by taking i to be sufficiently large.
3.6. Proof of Claim 3. While the proof of Claim 3 is rather technical, it is essentially a consequence of standard tools used in the study of stable minimal hypersurfaces. For instance, see [6] for a similar result in a 3-dimensional context. We divide the proof into three steps, referring to the Appendix when necessary.
To begin, we require the following uniform volume bound.
Step 1. For each R > 0, there is a constant V R > 0 such that
The next key ingredient is the following uniform bound on the second fundamental form A W L .
Step 2. There is a constant C 1 > 0, depending only on the geometry of (M,ḡ), such that
Step 2 is a consequence of [21, Corollary 1.1]. See Appendix, Section 5.5 for more details.
Step 3. For each R > 0 and j = 1, 2, . . ., the sequence of hypersurfaces Ψ −1 j (W R i ) sub-converges smoothly locally as graphs as i → ∞.
The following result is a general statement concerning embedded hypersurfaces of Riemannian manifolds with bounded geometry which we state in our present context. It will allow us to effectively apply Schauder theory for the minimal graph equation to the hypersurfaces W L .
Proof of
Step 3. We restrict our attention to the tail of the sequence {W R i } ∞ i , where i ≥ R + 1. This allows us to consider each W R i and W
R+1 i
as hypersurfaces of Y × (−∞, 0] which is where we will show the convergence. Let s > 0 satisfy
where C 0 is the constant from Step 2. By choosing a smaller s, we will assume that the bounds 
Consider the hypersurfaces Σ i ⊂ B with basepoints p i ∈ Σ i , given by Notice that the choice of s guaranties
and we may apply Lemma 6 to each Σ i at p i . Indeed, we consider open subsets U i ⊂ T p i Σ i ∩ B , with with normal unit vectors η i ∈ S n , η i ⊥ T p i Σ i , and functions u i : U i → R such that graph(u i ) = Σ i where Σ i is the component of Σ containing p i . We use compactness of S n and pass to a subsequence so that the vectors η i converge to some vector η ∞ ∈ S n . Let P ∞ ⊂ T x∞ (Y × [−L − 1, 0]) be the hyperplane perpendicular to η ∞ . For large enough i, we may translate and rotate the sets U i to obtain open subsets U i ⊂ P ∞ and functions u i :
(2) the ball B s/2 (0) ⊂ P ∞ is contained in each of the sets U i ; (3) the following pointwise bounds hold
where the derivatives and lengths are taken using the Euclidian metric. In particular, it follows that the intersection U ∞ = i U i contains the ball B n s/2 (0) ⊂ P ∞ and the sequence {u i | U∞ } i is uniformly bounded in C 2 (U ∞ ), see Fig. 4 . By Arzela-Ascoli, there exists a subsequence of u i converging in C 1,α (U ∞ ) (for any fixed α ∈ (0, 1)) to a function u ∞ : U ∞ → R. Recall that each u i | U ∞ solves the minimal graph equations (5.2) with respect to the metricḡ B . Since |∇u i | is uniformly bounded on B n s/2 (0), the functions u i solve an elliptic equation with uniform ellipticity bounds. Hence we may apply the Schauder estimate 1. This allows us to pass to a further subsequence, and upgrade the convergence on the ball B n s/3 (0) to C k,α (B n s/3 (0)) for any k ≥ 1, see Appendix, Section 5.2 for details. In particular, u ∞ is a strong solution to the minimal graph equation on B n s/3 (0) with respect toḡ B . This finishes our work with the hypersurfaces Σ i . Now suppose that there is a second sequence of connected components W R i ∩ B s (y l ) which intersect B s/4 (y l ) nontrivially. We can repeat the above process to obtain a second limiting hypersurface. Observe that the number of components of W R i ∩ B s (y l ) intersecting B s/4 (y l ) nontrivially is uniformly bounded in i and l . Indeed, the lower bound on the diameter of U ∞ implies
However, Step 1 implies Vol(W R i ∩ B s (y l )) is uniformly bounded in i so the number of connected components W R i ∩ B s (y l ) which intersect B s/4 (y l ) nontrivially must be finite and the above process terminates after finitely many iterations. We conclude that the sequence {W R i ∩ B s/4 (y l )} subconverges smoothly locally as graphs to a minimal hypersurface Σ ∞,l . Now, restricting to this subsequence, we turn our attention to another ball B s/4 (y l ) in the cover U . We repeat the above argument to obtain a further subsequence and limiting minimal hypersurface Σ ∞,l . Repeating this process for each element of U produces a subsequence, denoted by W R a R i , converging to a minimal hypersurface W R ∞ = l Σ ∞,l smoothly locally as graphs. This completes the proof of Claim 3, and consequently, the proof of Main Lemma.
Proof of Theorem 5
4.1. Positive conformal bordism. In order to prove Theorem 5, we have to use fundamental facts relating conformal geometry and psc-bordism. We briefly recall necessary results, following the conventions in [1] . Let Y be a compact closed manifold with dim Y = n given together with a conformal class C of Riemannian metrics. Then the Yamabe constant of (Y, C) is defined as We need the following result, specialized to our present context. existence of such smooth X 0 and X 1 is guaranteed in this range of dimensions, see [23] . Notice that, by a small conformal change which does not effect the assumptions on (Y j , g j , γ j ), we may assume that X j is the only representative of α j with minimal volume for j = 0, 1. We write (X, h X ) for the Riemannian manifold (X 0 X 1 , h X ), where
Now we choose a psc-bordism (Z,ḡ,γ) :
. We will use (Z,ḡ,γ) to construct a psc-bordism which satisfies the conclusion of Theorem 5. We denote byᾱ ∈ H n (Z; Z) In preparation to apply Main Lemma, we fix basepoints x j ∈ X j for each j = 0, 1 and set S = {x 0 , x 1 } ⊂ X . Naturally, the set S is identified with the subsets S i in (X × {0}) ⊂ ∂Z i for i = 1, 2, . . . and with S ∞ in the boundary of the cylinder (X × {0}) ⊂ (Y × (−∞, 0]). According to Main Lemma we may find a subsequence
smoothly as i → ∞ and the Riemannian manifolds (∂W a i , h a i ) converge to (X, h X ) in the smooth Cheeger-Gromov topology as i → ∞.
Remark. We note that the manifolds (∂W a i , h a i ), (X, h X ) are compact and so there is no need to specify base points.
The following is a special case of a much more general fact on the behavior of elliptic eigenvalue problems under smooth Cheeger-Gromov convergence (see [4] ). 
> 0 for all sufficiently large i.
Proof. For each i = 1, 2, . . ., we denote by λ 1,i = λ 1 (L g i ) the principal eigenvalue of the conformal
Since (M i , g i ) is converging in the Cheeger-Gromov topology to a compact manifold, the coefficients of the operator L g i are bounded in the C 1 -norm uniformly in i. In particular, there is a constant
An obvious estimate on the Rayleigh quotient (2.5) shows that the sequence {λ 1,i } ∞ i=1 is uniformly bounded above and below. This allows us to apply standard Schauder estimates to the functions φ i uniformly in i (see 
This allows us to take the limit of equation (4.1) as i → ∞. Namely, φ ∞ is a non-zero solution of the equation
By definition, we have λ 1,∞ ≥ λ 1 (L g∞ ). On the other hand, we have assumed that λ 1 (L g∞ ) > 0.
Hence λ 1,i > 0 for all sufficiently large i. Moreover, the connected component of
It is easy to see that for a metric g C 1 -close to the Euclidian metric δ , the second fundamental form A Σ g becomes C 0 -close to A Σ δ . One can prove the following Riemannian version of Lemma 5.
Lemma 6. There is a constant µ 0 > 0 so that if a Riemannian metric g on the unit ball B = B n+1 1 (0) ⊂ R n+1 satisfies the bounds
for all i, j, k in the standard Euclidian coordinates (x 1 , . . . , x n+1 ) on B , then the following holds:
then there is a open subset U ⊂ T x Σ ⊂ R n+1 , a vector η ∈ S n normal to T x Σ, and a function 
5.2.
The minimal graph equation in a Riemannian manifold. In this section we will work in local coordinates (x 1 , . . . , x n+1 ) on a Riemannian manifold. We adopt the shorthand x = (x 1 , . . . , x n ).
Let Ω ⊂ R n be an open set and let g be a Riemannian metric on Ω × R ⊂ R n+1 . For a function u : Ω → R, consider its graph
For i = 1, . . . , n, we have the tangential vector fields
∂ ∂x n+1 and the upward-pointing unit vector field ν normal to Σ. Writing h ij = g(E i , E j ) for the restriction metric on Σ, the mean curvature of Σ can be expressed by
.
In the above, h ij are the components of the inverse of the metric g(E i , E j ) and can be computed as satisfies a uniformly elliptic equation
, n, and α, such that
We apply these estimates to the case of stable minimal hypersurfaces with free boundary in the Riemannian manifolds (M L ,ḡ L ) from the statement of Main Lemma.
be the manifolds given in the statement of the Main Lemma and let Σ ⊂ M L be a stable minimal hypersurface with free boundary. There is a radius r > 0, independent of Σ and L, such that the following holds:
on U (3) for each k ≥ 1 and α ∈ (0, 1) there is a constant C > 0, depending only on n, k, α, and the geometry of (M,ḡ), such that
Proof. Let C 0 and µ 0 be the constants given in Claim 2 and Lemma 6. We take r > 0 sufficiently small so that 0 < r < min(inj M 0 ,
, 1) and the bounds (5.5) sup
hold for all i, j, k in geodesic normal coordinates on any ball Bḡ The main point is that this constant is independent of both Σ and M L . Standard Schauder theory [13, Section 6] gives a similar estimate in the C k,α -norm for any k . For an open subset U ⊂ R n+k , let Ω n (U ) denote the space of all n-forms on R n+k with compact support in U . An n-dimensional current on U is a continuous linear functional T : Ω n (U ) → R.
The vector space of such objects is denoted by D n (U ). If n ≥ 1 and T ∈ D n (U ) is an n-dimensional current, its boundary ∂T ∈ D n−1 (U ) is given by
For a current T ∈ D n (U ), the mass M(T ) is given by M(T ) = sup{T (ω) : ω ∈ Ω n (U ), |ω| ≤ 1}.
If, for example, T is given by integration along a smooth orientable n-dimensional submanifold M ,
Let H n denote the n-dimensional Hausdorff measure on R n+k . A subset E ⊂ R n+k is said to be countably n-rectifiable if it can be covered by a countable family of Lipschitzian mappings from bounded subsets of R n . A current T ∈ D n (U ) is called integer multiplicity rectifiable if it takes the form (5.6)
where (1) M ⊂ U is H n -measurable and countably n-rectifiable;
is an orthonormal basis for the approximate tangent space T x M , see [11, Section 3.2] .
Remark. The above definition of integer multiplicity rectifiable currents can also be extended to Riemannian manifolds (M, g) -one defines the mass of a current using the Hausdorff measure arising from g .
The regular set reg(T ) of a rectifiable current T ∈ D n (U ) is given by the set of points x ∈ spt(T ) for which there exists an oriented n-dimensional oriented C 1 -submanifold M ⊂ U , r > 0, and m ∈ Z satisfying
The singular set sing(T ) is given by spt(T ) \ reg(T ).
The abelian group of n-dimensional integral flat chains on U is given by F n (U ) = {R + ∂S : R ∈ D n (U ) and S ∈ D n+1 (U ) are rectifiable}.
Now we consider subsets A, B ⊂ U satisfying B ⊂ A. We have the group of integral flat cycles
and the subgroup of integral flat boundaries
The quotient groups
are the n-dimensional integral current homology groups.
There is a natural transformation between the integral singular homology functor and the integral current homology functor which induces an isomorphism H n (A, 
satisfying, for any x ∈ U , Φ(x, rλ) = rΦ(x, λ) for any r > 0 and Φ(x, λ) = 0 for any λ = 0 ∈ Λ n R n+k . A parametric integrand Φ of degree n may be viewed as a functional on the space of rectifiable currents by setting
where M , ξ , and θ are the quantities associated to a rectifiable current T ∈ D n (U ) as in equation (5.6). In the context of this paper, it suffices to consider the case in which Φ is the parametric area integrand Φ g (x, λ) = |λ| g(x) arising from a Riemannian metric g on U . We remark that if
is simply the mass of T measured with respect to g ,
see [11, Section 5.1.1] . A cycle T ∈ C n (A, B) is said to be homologically Φ-minimizing if
In the case that Φ is the parametric area integrand Φ g , we call Φ-minimizing currents volume minimizing. The following lemma guarantees the existence of homologically Φ-minimizing currents. Proof. By the Nash embedding theorem there is an isometric embedding ι : M → R n+1+k for a sufficiently large k . LetM be the image of this embedding and setα = ι * α ∈ H n (M , ∂M ). Applying Lemma 7, we obtain a homologically volume minimizing currentT ∈ C n (M , ∂M ) representingα.
Since ι is an isometry, (ι −1 ) * T is the desired current.
Since Corollary 2 guarantees the existence of homologically volume minimizing representative for the homology class α from the hypothesis of Theorem 4, the final ingredient is the regularity theory of volume-minimizing integer multiplicity rectifiable currents. The following is a regularity theorem due to M. Grünter [14, Theorem 4.7] adapted to the context of an ambient Riemannian metric. See [16, 12, 22] for Riemannian adaptations of similar results.
with ∂S ∩ U = ∅, and g a Riemannian metric on U with bounded injectivity radius and sectional curvature. Suppose T ∈ F n (U ) with spt(∂T ) ⊂ S satisfies
for all open W ⊂⊂ U and all R ∈ F n (U ) with spt(R) ⊂ W and spt(∂R) ⊂ S . Then we have
• sing(T ) is discrete for n = 7
where dim H (A) denotes the Hausdorff dimension of a subset A ⊂ U .
We will briefly explain how to show the regularity of a volume minimizing representative T ∈ α where α is from Theorem 4. For a point x ∈ spt(T ), set φ = expḡ x and consider
where 0 < r < r ≤ inj(ḡ). Theorem 8 implies that there is a neighborhood V of 0 ∈ U such that T | V is given by an integer multiple of integration along a C 1 -submanifold M ⊂ V . Locally, M can be written as the graph of a C 1 -function which weakly solves the minimal surface equation. Standard elliptic PDE methods imply that M is smooth, see Section 5.4 below for a similar argument.
5.4. Doubling minimal hypersurfaces with free boundary. In this section we consider the reflection of a free boundary stable minimal hypersurface over its boundary. Let (M,ḡ) be an (n+1)-dimensional compact Riemannian manifold with boundary ∂M and restriction metric g =ḡ| ∂M . We will assume that there is a neighborhood of the boundary on whichḡ takes the formḡ = g ∂M + dt 2 . Now we may apply the DeGiorgi-Nash theorem (see [13, Theorem 8.24] ) to conclude that, for each r < r there is an α ∈ (0, 1) such that where C depends only on n, µ, and µ 1 ρ 0 .
Proof of Step 2. By Lemma 8, the doubling (W i ) D is a smooth stable minimal hypersurface of (M i ) D .
In particular, the singular set of (W i ) D is empty. Moreover, the manifolds (M i ) D have uniformly bounded geometry so that the injectivity radius is uniformly bounded from below by some ρ 0 > 0, and there is a constant µ 1 so that the bounds (5. intersecting W i to obtain the bound in Step 2.
